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We study the observable properties of quantum systems which involve a quantum continuum as a
subpart. We show in a very general way that in any system, which consists of at least two isolated
states coupled to a continuum, the spectral function of one of the states exhibits an isolated zero at
the energy of the other state. Several examples of quantum systems exhibiting such isolated zeros
are discussed. Although very general, this phenomenon can be particularly useful as an indirect
detection tool for the continuum spectrum in the lab realizations of quantum critical behavior.
I. INTRODUCTION
The energy levels of a generic quantum system can be
organized either in discrete or continuum spectra. The
discrete spectrum is associated with the existence of sta-
ble bound states, corresponding to localized long-lived
quasiparticles with well defined energy, while the con-
tinuum spectrum reflects either multiparticle states with
finite phase volume – e.g., particle-hole continuum, a
thermodynamically large number of interacting degrees
of freedom – a thermal bath, or the absence of quasipar-
ticles as such – a quantum critical continuum. The qual-
itative difference between discrete states and continua is
manifest in the spectral function: It either exhibits sharp
peaks in the former case or a (peakless) smooth profile
in the latter one. In more complicated quantum systems
which have both discrete and continuum subparts, the
spectral function can take a distinct shape. The well-
known example is the Fano resonance,1–3 which arises
when one probes the continuum in the presence of the
isolated states, whose interference leads to a characteris-
tic line shape with a neighboring peak and zero.
The continued strong interest in quantum criticality
and various non-Fermi liquid models inherently concerns
the study of a quantum system with a continuum rather
than a discrete spectrum. A defining feature of the non-
Fermi liquid is the absence of the stable quasiparticles.
No discrete peaks are seen in the spectral function; rather
it has the appearance of a power law.4 The same type of
spectra are characteristic of quantum critical systems,5
which are described by conformal field theory and a lack
of the quasiparticles. Conformal field theories also gener-
ically exhibit power laws, controlled by the anomalous
dimensions of the operators. These non-Fermi liquid
and quantum critical ideas appear to be very relevant
to the unconventional states of strongly correlated quan-
tum matter, most notoriously the strange metal phase
observed in high temperature superconductors and heavy
fermion systems.6 This experimental relevance in turn
triggered the active theoretical effort in the last decades,
aimed at building controlled models of non-Fermi liquids
and/or quantum critical systems. Among the latest de-
velopments is the Sachdev-Ye-Kitaev model,7,8 which has
a power law spectral function due to the strong entangle-
ment between the constituent fermions. A few proposals
have arisen recently on the experimental realization of
the SYK model,9–11 which makes the question about the
observable properties of the quantum critical continuum
especially important. This case of the 0 + 1 dimensional
“quantum dot” systems is special since the multiparticle
phase space shrinks to zero and any observed continuum
spectrum can not be of quasiparticle nature. Therefore
the detection of continuum in a quantum dot signals the
interesting physics, whether it is related to the particular
SYK model or not.
In this paper we point out a very basic and therefore
very general feature of quantum systems containing the
continuum as a subpart. We show that the spectral func-
tion exhibits a distinct line shape characterized by an
isolated zero arising when one probes a discrete subpart
of the system that consists both of discrete states and
a continuum. It is the “mirror” of the Fano resonance.
A similar effect has been pointed out by one of us in
the form of interference effects between different decay
channels of the core holes created in high energy photoe-
mission processes.2 This distinct spectral function zero
is in principle observable in experiment and it can there-
fore be used as a signature of the presence of a continuum
subpart in quantum systems, in particular in the labora-
tory realizations of quantum criticality. The important
aspect is that this probe is indirect – it does not interact
with the continuum system. This can be a significant
advantage since the quantum critical systems are noto-
riously fragile and the direct measurement could easily
destroy them.
We shall first discuss the generic mechanism of the
phenomenon and then demonstrate how it works in sev-
eral examples with continuum subsystems: (1) two single
fermion quantum dots coupled to an SYK quantum dot,
(2) a one-dimensional wire coupled to a chain of the SYK
nodes, and (3) a holographic model of a local quantum
critical system with a periodic lattice.
II. ISOLATED ZEROS IN THE SPECTRAL
FUNCTION
Consider two fermions χA, χB with discrete quasipar-
ticle energies ΩA, ΩB , respectively, coupled to a fermion
ψ with a continuum spectrum characterized by a Green’s
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2function G(ω). The Euclidean action for the full system
reads:
S = Sχ + Sψ + Sint, (1)
Sχ =
∫
dt
∑
σ=A,B
χ¯σ (∂t + Ωσ)χσ,
Sψ = −
∫
dtdt′ ψ¯(t)G (t− t′)−1 ψ(t′),
Sint =
∫
dt
∑
σ=A,B
(
λσ ψ¯ χσ + λ
∗
σχ¯σψ
)
.
As shown in Appendix A our effect is present for any
tunneling couplings λσ, however for brevity here we con-
sider the case λA = λB ≡ λ. Integrating out the fermion
ψ in the continuum gives the Green’s function for the
fermions χA, χB :
Gσσ′(ω)
−1=
(
ω−ΩA−|λ|2G(ω) −|λ|2G(ω)
−|λ|2G(ω) ω−ΩB−|λ|2G(ω)
)
. (2)
We are interested in the spectral function of a single
fermion χA: AA(ω) = − 1pi ImGRAA(ω), where the re-
tarded Green’s function is obtained from the inverse
of the matrix (2) after analytic continuation GR(ω) =
G (ω → ω + iδ sign(ω)) with δ = 0+. The result is
AA(ω) = −|λ|
2
pi
ImGR(ω)
|D(ω)|2 (ω − ΩB)
2
, (3)
D(ω)=(ω − ΩA)(ω − ΩB)−|λ|2(2ω − ΩA − ΩB)GR(ω).
In (3) GR is the retarded Green’s function of the fermion
ψ. Here we’ve taken the limit δ → 0+ assuming the
imaginary part of GR stays finite. In Eqs. (A3) and
(B13) in Appendices A and B we give the results for
finite δ, i.e., a universal finite lifetime for the fermions
χA,B .
Our main observation is that the spectral function
of fermion χA has a double zero exactly at the energy
level of fermion χB : ω = ΩB . The physics of the zero in
(3) can be better understood by considering the matrix
structure of the imaginary part of the Green’s function
ImGRσσ′∼
(
(ω − ΩB)2 (ω − ΩB)(ω − ΩA)
(ω − ΩB)(ω − ΩA) (ω − ΩA)2
)
. (4)
This matrix is degenerate and has a single zero eigenvalue
with eigenvector
|χ0〉 = (ω − ΩA)|χA〉 − (ω − ΩB)|χB〉 . (5)
In other words this linear combination of probes is com-
pletely oblivious to the continuum. One immediately
sees that for ω = ΩB the probe fermion χA aligns with
the “oblivious” combination and thus does not get ab-
sorbed/reflected. This explains the double zero at the
resonance frequency. In the degenerate case Ω ≡ ΩA =
ΩB the double zero at ω = Ω is canceled by the same
multiplying factor in the denominator D(ω) and it’s easy
to understand the absence of the effect: For any energy
the combination (5) is now fixed to |χ0〉 ∼ |χA〉 − |χB〉
and it never coincides with one of the probes.
Though similar, this occurrence of the double zero for
the discrete probe is the obverse of the Fano resonance,
as the latter follows when one integrates out the discrete
fermions χA,B . The Green’s function for the continuum
fermion ψ then becomes (setting the χB coupling to zero)
G−1ψψ = G−1 − |λ|2/(ω − ΩA), with the spectral function
Aψ(ω)=− 1
pi
ImGRψψ(ω)=−
1
pi
(ω − ΩA)2ImGR(ω)
|ω − ΩA − λ2GR(ω)|2 . (6)
The double zero at the energy ω = ΩA is again obvious
but the pole structure is different. This Fano response
has a pole at ω = ωp near ΩA shifted by the interaction
with continuum. For small λ we can approximate its
location as ωp = ΩA+λ
2G(ΩA). In this case the spectrum
function near the pole ω ∼ ωp takes the familiar Fano
form3
Aψ ∝ (+ qΓ)
2
2 + Γ2
, (7)
with the parameters  = (ω − ΩA − λ2ReG(ΩA)),
Γ = λ2ImG(ΩA), and q = ReG(ΩA)/ImG(ΩA).
One obvious extension of the action is to in-
clude a direct coupling between fermions S′χ =∫
dt (κχ¯AχB + κ
∗χ¯BχA). We analyze this in Appendix
A. The complex zeros of the spectral function AA(ω) are
given in this case by (ΩB − Reκ ± iImκ). The real part
of the coupling shifts the position of the zero, while the
imaginary one moves it off the real axis. In the latter
case the exact real zero in the spectral function gets su-
perseded by the localized depression with finite minimum
value, but the overall line shape stays intact. This is rem-
iniscent of the Fano resonance, where the exact zero is
never observed in practice, but the full line shape points
out the characteristic physics.2,3
III. SYK MODEL
To give an explicit example of how this zero arises
we first focus on the 0 + 1 dimensional model featur-
ing quantum critical continuum – the Sachdev-Ye-Kitaev
(SYK) model7,8 with quartic interaction among com-
plex fermions.13 We couple the continuum SYK model
FIG. 1. Cheburashkian geometry.12 Two quantum dots
with descrete energy levels ΩA and ΩB are symmetrically cou-
pled to an SYK quantum dot.
3FIG. 2. Isolated zero for the SYK model. For a given coupling to a continuum λ = 0.135, F = 10, the dependence of the
spectral function of state A on the energy level of the state B is shown. The isolated zero is always present at ΩB . The peak
at ΩA gets sharpened due to the proximity of zero, but is destroyed if ΩA = ΩB [not shown, see Eq. (3)]. Green arrows show
the positions of the poles of the Green’s function defined as zeros of the determinant D(ω) in the spectral function in Eq. (3).
Note that they do not coincide exactly with the maxima of the spectral function due to the proximity of zeros.
FIG. 3. Asymptotic shape of the peak. Depending on the value of the coupling λ the shape of the peak at ΩA may differ
considerably in the asymptotic cases when ΩB  ΩA (red lines) and ΩB  ΩA (black lines). When λ 1 (left panel) the two
cases are identical, for intermediate values of λ (middle panel) the width of the peak changes, for strong coupling (right panel)
the position of the peak is affected as well.
at charge neutrality point (µSYK = 0) to two discrete
states with combined Hamiltonian
H =
∑
σ=A,B
Ωσχ
†
σχσ +HSYK +Hint, (8)
HSYK =
1
(2N)3/2
N∑
i,j,k,l=1
Jij;kl ψ
†
iψ
†
jψkψl,
Hint =
1√
N
N∑
i=1
∑
σ=A,B
(
λiψ
†
iχσ + λ
∗
iχ
†
σψi
)
.
The fermions χA, χB can be thought of as a pair of
single state tunable quantum dots symmetrically cou-
pled to the SYK system, the latter might be experi-
mentally realized in a graphene flake based device.9 We
call it Cheburashkian geometry,12 Fig. 1. The random
couplings Jik;kl and λi are independently distributed as
Gaussian with zero mean Jij;kl = 0 = λi and finite vari-
ance |Jij;kl|2 = J2 (Jij;kl = −Jji;kl = −Jij;lk = (Jkl;ij)∗),
|λi|2 = λ2. After disorder averaging, one finds that in
the large N , long time limit 1  Jτ  N the spectral
function AA(ω) for the fermion χA coincides with Eq.
(3), where the coupling strength is given by the variance
|λi|2 = λ2 and the continuum GR originates from the
SYK Green’s function
GR(ω) = −ipi1/4 e
ipisgn(ω)/4√
J |ω| (9)
at zero temperature, see the details in Appendix B.
The line shape of the spectral function of χA depends
on the frequencies ΩA and ΩB in a characteristic manner.
We give examples in Figs. 2 and 3. By tuning those one
gets a distinct identifier of existence of the SYK contin-
uum spectrum.
In case of multiple M states, a spectral function of a
single state AA(ω) ∝ ImGR(ω)
∏M−1
m=1 (ω − ΩBm)2 con-
tains M−1 isolated zeros. This is described in Appendix
C, where we assume M  N to avoid a transition in the
4SYK model to a Fermi liquid phase.14
IV. CLUSTER OF SYK NODES
One can generalize the previous case by clustering
evenly separated quantum SYK dots, coupled to a 1D
wire.15,16 Here we can consider the itinerant fermion χp
either in Galilean continuum or in an independent crystal
with arbitrary periodicity. It has a given dispersion rela-
tion ξp and interacts locally with an SYK quantum dot
at point xn, see Fig. 4. The corresponding Hamiltonian
is similar to Eq. (8) with
H =
∑
p
ξpχ
†
pχp +
∑
xn
HSYK(xn) +Hint(xn), (10)
HSYK(xn)=
1
(2N)3/2
N∑
i,j,k,l=1
Jnij;kl ψ
†
i,nψ
†
j,nψk,nψl,n,
Hint(xn)=
1√
N
N∑
i=1
(
λi,nψ
†
i,nχ(xn) + λ
∗
i,nχ
†(xn)ψi,n
)
.
It is clear that momentum plays now the role of the quan-
tum number A,B in our earlier model (1). Therefore we
are dealing with the case of many coupled states M > 2.
Importantly however, the momentum modes are not all
cross coupled through the interaction mediated by many
SYK continua. As usual for the periodic structures, see
Appendix D, the SYK chain introduces an Umklapp-
like effect: After integrating out all the SYK fermions
the effective interaction only couples the momenta sepa-
rated by the integer number of the reciprocal lattice units
∆p = 2pi/a. Note that only a discrete set of momentum
modes is coupled, therefore the SYK fermions stay in the
quantum critical phase. The inverse Green’s function is
labeled by the Bloch momentum p
G(p, ω)−1 =
=

. . . · · · · · ·
... ω− ξp− λ2G(ω) −λ2G(ω)
... −λ2G(ω) ω− ξp−∆p− λ2G(ω)
 . (11)
Following the same logic as before we find that the en-
ergy distribution of the spectral density at given mo-
mentum p has a discrete set of zeros at frequencies
FIG. 4. SYK chain. An evenly spaced chain of SYK
impurities is introduced to the one-dimensional system with
propagating fermion χ.
ω = . . . , ξp−∆p, ξp+∆p, ξp+2∆p, . . . . Varying p this intro-
duces continuous lines of zeros separated by ∆p in the
momentum resolved spectral function A(p, ω), as seen in
Fig. 6, left panel. One can consider disordering the peri-
odic structure by randomly shifting the nodes. The sharp
lines in the Brillouin zone will smear out, since the Bloch
momentum will not be well defined anymore. Therefore
we expect the lines of zeros to smear out as well, but
for the weak disorder the characteristic line shape will
remain visible.
V. HOLOGRAPHIC FERMIONS
This isolated zero phenomenon in the case of a finite
number of spatial dimensions can be illustrated in a holo-
graphic model of a strange metal.17 In this framework one
describes strongly entangled quantum systems in terms
of a classical gravitational problem with one extra di-
mension, see Fig. 5. At finite chemical potential these
systems can flow to a novel “strange metal” low energy
sector that exhibits local quantum criticality, i.e. it con-
tains a continuum sector. The fermionic spectral function
can be computed from the propagator of a dual holo-
graphic fermion X in the curved space with a charged
black hole horizon. We refer the reader to the seminal
works.18–20 Importantly, the dynamics of a holographic
fermion can be understood as a momentum dependent
probe of the quantum critical continuum sector. In holo-
graphic models this sector is local, i.e. the system falls
apart into local domains, each of which is a continuum
theory in its own right.21 The SYK model is an explicit
proposal for the microscopic theory of one such domain.
This explains why at low energy this holographic theory
is similar to (10) with the SYK Hamiltonian replaced by
the more abstract local quantum critical Hamiltonian.22
The Green’s function of the critical fermions ψ can be
shown to have the scaling form G(ω) ∼ ω2νp , where νp
depends on the momentum of the itinerant probe χp.
Unlike the case with an SYK chain, the holographic
continuum comes from translationally invariant horizon,
therefore it does not introduce the Brillouin zone by itself.
FIG. 5. Holographic fermions. The spectral function of
the fermion corresponds to the propagator in the holographic
model. It is affected by the near horizon geometry, which
induces locally critical continuum contribution GAdS .
5FIG. 6. Lines of isolated zeros. Spectral density of a fermion is shown in color. The Brillouin zone boundaries are shown
with red grid lines. The bright bands correspond to the dispersion relation of itinerant fermion ξp, while the finite background
is due to the critical continuum. The lines of zeros are seen as darker bands and correspond to the dispersion of the Umklapp
copies of the fermionic dispersion ξp±2pi/a. Left panel: In SYK chain. We use free space dispersion ξp = p
2/2m − µ
with µ = 0.2,m = 0.5, SYK Green’s function (9) has J = 10, and the coupling is λ = 0.3. The gray dashed lines show the
dispersions ξp±∆p. Right panel: In the holographic model for fermions on top of the continuum. The model has
periodic background with period a.
The weak interaction between the localized continuum
sectors effectively restores translational invariance. The
appearance of isolated zeros in the holographic spectrum
becomes apparent once one breaks translations by intro-
ducing a crystal lattice with period a. The technical de-
tails of this construction are discussed in the specialized
papers.23–26 Importantly, in this case it is the periodic
potential, which introduces the Bloch momentum and
makes the dispersion ξp multivalued due to the appear-
ance of the ξp−2pi/a and ξp+2pi/a copies. These branches
are coupled by the near horizon continuum G(ω), and
this leads to the similar pattern in the spectral function
as in the SYK chain case, see Fig. 6, right panel. At fi-
nite temperature the zeros are smeared and the spectral
density never strictly vanishes. However the distinctive
line shape is clearly recognizable.
VI. CONCLUSION
We have observed a characteristic phenomenon which
arises in quantum systems having both discrete spectrum
and continuum subparts. The interference between the
discrete parts mediated by the continuum gives rise to
the isolated zeros in the spectral function of the one dis-
crete state, which are located at the energy levels of the
other states. It is the complement of the known Fano res-
onance. We derive this effect in full generality and show
that it is present for a very general class of the continuum
subsystems, provided their Green’s functions have finite
imaginary part and lack a pole structure.
By studying several examples with and without spa-
tial dimensions, we see that the phenomenon is generally
present. It is characterized by the distinctive “pole-zero”
line shape, which is different from that of the Fano res-
onance, since the positions of the pole and zero are in
principle independent of each other. We show that this
line shape is not destroyed by the additional couplings or
disorder: The exact zero gets smeared, but the localized
depression remains. This leads us to propose that our
finding can serve as a convenient experimental marker
for a quantum system to include a continuum subpart,
such as an SYK continuum in the graphene flake on a
quantum dot or a local quantum critical phase in case of
a strange metal.
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Appendix A: Inclusion of general coupling between discrete levels
As in the main text, we consider two fermions coupled through continuum but with an additional direct coupling:
S = Sχ + Sψ + Sint, (A1)
Sχ =
∫ β
0
dτ
(
χ¯A χ¯B
)(∂τ + ΩA κ
κ∗ ∂τ + ΩB
)(
χA
χB
)
,
Sψ = −
∫ β
0
dτ
∫ β
0
dτ ′ ψ¯(τ)G (τ − τ ′)−1 ψ(τ ′),
Sint =
∫ β
0
dτ
∑
σ=A,B
(
λσ ψ¯ χσ + λ
∗
σχ¯σψ
)
,
where κ is the direct coupling strength. After integration over the fermion ψ, we derive the inverse Green’s function
for the fermions χA, χB :
Gσσ′(iωn)
−1 =
(
iωn − ΩA − |λA|2 G(iωn) −κ− λ∗AλB G(iωn)
−κ∗ − λAλ∗B G(iωn) iωn − ΩB − |λB |2 G(iωn)
)
, (A2)
where ωn = piT (2n+ 1) are Matsubara frequencies. Inversion of the matrix (A2) and analytic continuation iωn →
ω + iδ with δ = 0+ gives the retarded Green’s function:
GRσσ′(ω)=
1
D(ω)
(
ω − ΩB + iδ − |λB |2 GR(ω) κ+ λ∗AλB GR(ω)
κ∗ + λAλ∗B GR(ω) ω − ΩA + iδ − |λA|2 GR(ω)
)
, (A3)
D(ω)=(ω−ΩA+iδ) (ω−ΩB+iδ)−|κ|2−
(|λA|2 (ω−ΩB+iδ)+ |λB |2 (ω−ΩA+iδ)+κλAλ∗B+κ∗λ∗AλB)GR(ω). (A4)
7The spectral function for fermion χA is defined as the imaginary part of the AA block of (A3):
AA(ω) = − 1
pi
ImGRAA(ω) =
= −|λA|
2
pi
|ω − ΩB + κ λAλ
∗
B
|λA|2 |2 ImGR(ω)
|(ω−ΩA) (ω−ΩB)−|κ|2−(|λA|2 (ω−ΩB)+ |λB |2 (ω−ΩA)+κλAλ∗B+κ∗λ∗AλB)GR(ω)|2
. (A5)
The imaginary part of the continuum Green’s function GR is supposed to be finite: ImGR  δ = 0+, so that δ
can be neglected in (A5). Zeros of the spectral function (A5) are given by solutions of the equation (ω − ΩB)2 +
2Reζ (ω − ΩB) + |ζ|2 = 0, where ζ = κλAλ∗B/|λA|2. In case of the complex valued ζ = |ζ|eiϕ, the solutions are
ω = ΩB − |ζ| cosϕ ± |ζ|
√
cos2 ϕ− 1. This results in the appearance of shifted isolated zeros at the real energy axis
only for ϕ = pim: ω = ΩB + (−1)m+1 |ζ|, where m are integers. So, zeros of the spectral function (A5) are stable for
real values of ζ.
In case of negligibility of the direct coupling κ between the isolated states on the background of the frequencies of
those, we restore the expression for the spectral function from the main text:
AA(ω) = −|λA|
2
pi
(ω − ΩB)2 ImGR(ω)
|(ω−ΩA) (ω−ΩB)−(|λA|2 (ω−ΩB)+ |λB |2 (ω−ΩA))GR(ω)|2
. (A6)
The result (A6) is valid for general couplings λσ.
Appendix B: Mean-field treatment of the SYK model with two component impurity
The Euclidean action for the Hamiltonian (8) in the main text after disorder averaging is
S =
∫ β
0
dτ
[ ∑
σ=A,B
χ¯σ (∂τ + Ωσ)χσ +
N∑
i=1
ψ¯i ∂τψi
]
−
∫ β
0
dτ
∫ β
0
dτ ′
[
λ2
N
N∑
i=1
∑
σ,σ′=A,B
χ¯σψi(τ) ψ¯iχσ′(τ
′) +
J2
4N3
N∑
i,j,k,l=1
ψ¯iψ¯jψkψl(τ)ψ¯l ψ¯kψjψi(τ
′)
]
. (B1)
Introduction of two pairs of nonlocal fields:
1ψ =
∫
DGψ δ
(
Gψ(τ
′, τ)− 1
N
N∑
i=1
ψ¯i(τ)ψi(τ
′)
)
=
=
∫
DΣψ
∫
DGψ exp
[
N
∫ β
0
dτ
∫ β
0
dτ ′Σψ(τ, τ ′)
(
Gψ(τ
′, τ)− 1
N
N∑
i=1
ψ¯i(τ)ψi(τ
′)
)]
(B2)
and
1χ =
∫
DGψ δ
Gχ(τ ′, τ)− ∑
σ,σ′=A,B
χ¯σ(τ)χσ′(τ
′)
 =
=
∫
DΣχ
∫
DGχ exp
[∫ β
0
dτ
∫ β
0
dτ ′ Σχ(τ, τ ′)
Gχ(τ ′, τ)− ∑
σ,σ′=A,B
χ¯σ(τ)χσ′(τ
′)
] (B3)
allows us to rewrite the action (B1) as
S =
∫ β
0
dτ
∫ β
0
dτ ′
[ ∑
σ,σ′=A,B
χ¯σ(τ) (δσσ′δ(τ − τ ′) (∂τ + Ωσ) + Σχ(τ, τ ′))χσ′(τ ′) +
N∑
i=1
ψ¯i(τ) (δ(τ − τ ′)∂τ + Σψ(τ, τ ′))ψi(τ ′)
− (Σχ(τ, τ ′)− λ2Gψ(τ, τ ′))Gχ(τ ′, τ)−N (Σψ(τ, τ ′)Gψ(τ ′, τ) + J2
4
Gψ(τ, τ
′)2Gψ(τ ′, τ)2
)]
. (B4)
8Assuming that all nonlocal fields Gψ, Σψ, Gχ, and Σχ are the functions of τ − τ ′, we get variational saddle-point
equations:
Gψ(τ − τ ′) = − 1
N
N∑
i=1
〈
Tτψi(τ)ψ¯i(τ
′)
〉
, (B5)
Σψ(τ − τ ′) = −J2Gψ(τ − τ ′)2Gψ(τ ′ − τ) + λ
2
N
Gχ(τ − τ ′), (B6)
Gχ(τ − τ ′) = −
∑
σ,σ′=A,B
〈Tτχσ(τ)χ¯σ′(τ ′)〉 , (B7)
Σχ(τ − τ ′) = λ2Gψ(τ − τ ′), (B8)
where Gχ =
∑
σσ′ Gσσ′ . In the large N and long time limit 1 Jτ  N , equations (B5) and (B6) are simplified to
Gψ(iωn)
−1 = −Σψ(iωn) and Σψ(τ − τ ′) = −J2Gψ(τ − τ ′)2Gψ(τ ′ − τ) with a known zero temperature solution:13
Gψ(iωn) = −ipi1/4 sgn(ωn)√
J |ωn|
. (B9)
Thus, we derived an effective action for the impurity fermions:
S =
+∞∑
n=−∞
(
χ¯n,A χ¯n,B
)(−iωn + ΩA + λ2Gψ(iωn) λ2Gψ(iωn)
λ2Gψ(iωn) −iωn + ΩB + λ2Gψ(iωn)
)(
χn,A
χn,B
)
, (B10)
so that their Green’s function is
Gσσ′(iωn) =
1
D(iωn)
(
iωn − ΩB − λ2Gψ(iωn) λ2Gψ(iωn)
λ2Gψ(iωn) iωn − ΩA − λ2Gψ(iωn)
)
, (B11)
D(iωn) = (iωn − ΩA) (iωn − ΩB)− λ2 (2iωn − ΩA − ΩB)Gψ(iωn) . (B12)
We perform analytic continuation iωn → ω + iδ with δ = 0+ to derive the retarded Green’s function:
GRσσ′(ω) =
1
D(ω)
(
ω − ΩB + iδ − λ2GRψ (ω) λ2GRψ (ω)
λ2GRψ (ω) ω − ΩA + iδ − λ2GRψ (ω)
)
, (B13)
D(ω) = (ω − ΩA + iδ) (ω − ΩB + iδ)− λ2 (2ω − ΩA − ΩB + 2iδ)GRψ (ω), (B14)
where
GRψ (ω) = −ipi1/4
eipisgn(ω)/4√
J |ω| , (B15)
that fulfills ImGRψ  δ = 0+. The spectral function of the fermion χA is given by the imaginary part of the
corresponding matrix element of (B13)
AA(ω) = − 1
pi
ImGRAA(ω) = −
λ2
pi
(ω − ΩB)2 ImGRψ (ω)∣∣∣(ω − ΩA) (ω − ΩB)− λ2 (2ω − ΩA − ΩB)GRψ (ω)∣∣∣2 , (B16)
where δ = 0+ is neglected. The result (A5) coincides with the expression (3) in the main text for GR ≡ GRψ .
Appendix C: Multiple states coupled to the SYK continuum
Here we address the case of M discrete states σ = A,B1, . . . , BM−1 coupled to the SYK continuum. To stay in the
non-Fermi liquid regime we suppose M  N .14 Once SYK degrees of freedom are integrated out, the effective action
9for χσ fermions is similar to (B10) in Appendix B:
S =
+∞∑
n=−∞
∑
σ,σ′=A,B1,...,BM−1
χ¯n,σ
(
δσσ′ (−iωn + Ωσ) + λ2Gψ(iωn)
)
χn,σ′ =
=
+∞∑
n=−∞
[ ∑
σ,σ′=A,B1,...,BM−2
χ¯n,σ
(
δσσ′ (−iωn + Ωσ) + λ2Gψ(iωn)
)
χn,σ′+
+ χ¯n,BM−1
(−iωn + ΩBM−1 + λ2Gψ(iωn))χn,BM−1 + ∑
σ=A,B1,...,BM−2
λ2Gψ(iωn)
(
χ¯n,BM−1χn,σ + χ¯n,σχn,BM−1
) ]
=
=
+∞∑
n=−∞
∑
σ,σ′=A,B1,...,BM−2
χ¯n,σ
δσσ′ (−iωn + Ωσ) + λ2
(−iωn + ΩBM−1)Gψ(iωn)
−iωn + ΩBM−1 + λ2Gψ(iωn)︸ ︷︷ ︸
≡GM−1(iωn)
χn,σ′ =
=
+∞∑
n=−∞
∑
σ,σ′=A,B1,...,BM−3
χ¯n,σ
δσσ′ (−iωn + Ωσ) + λ2
(−iωn + ΩBM−2)GM−1(iωn)
−iωn + ΩBM−2 + λ2GM−1(iωn)︸ ︷︷ ︸
≡GM−2(iωn)
χn,σ′ = . . . =
=
+∞∑
n=−∞
χ¯n,A
−iωn + ΩA + λ2 (−iωn + ΩB1)G2(iωn)−iωn + ΩB1 + λ2G2(iωn)︸ ︷︷ ︸
≡G1(iωn)
χn,A , (C1)
where the derivation of the last line in (C1) is based on the one-by-one Gaussian integration over all states except χA
and Gψ is given by the expression (B9). Now we restore G1 back:
G1(iωn) =
(−iωn + ΩB1)G2(iωn)
−iωn + ΩB1 + λ2G2(iωn)
=
(−iωn + ΩB1) (−iωn + ΩB2)G3(iωn)
(−iωn + ΩB1) (−iωn + ΩB2) + λ2G3(iωn) (−iωn + ΩB1 − iωn + ΩB2)
=
=
∏3
m=1 (−iωn + ΩBm)G4(iωn)∏3
m=1 (−iωn + ΩBm) + λ2G4(iωn)
∑3
m=1
∏3
p 6=m
(−iωn + ΩBp) = . . . =
=
∏M−1
m=1 (−iωn + ΩBm)Gψ(iωn)∏M−1
m=1 (−iωn + ΩBm) + λ2Gψ(iωn)
∑M−1
m=1
∏M−1
p 6=m
(−iωn + ΩBp) . (C2)
Finally,
GAA(iωn) =
∏M−1
m=1 (iωn − ΩBm)− λ2Gψ(iωn)
∑M−1
m=1
∏M−1
p 6=m
(
iωn − ΩBp
)
(iωn − ΩA)
∏M−1
m=1 (iωn − ΩBm)− λ2Gψ(iωn)
(
(iωn − ΩA)
∑M−1
m=1
∏M−1
p 6=m
(
iωn − ΩBp
)
+
∏M−1
m=1 (iωn − ΩBm)
) .
(C3)
The spectral function we are interested is
AA(ω) = − 1
pi
ImGAA (iωn → ω + iδ) = −λ
2
pi
ImGRψ (ω)
|D(ω)|2
M−1∏
m=1
(ω − ΩBm)2 , (C4)
D(ω) = (ω − ΩA)
M−1∏
m=1
(ω − ΩBm)− λ2GRψ (ω)
(ω − ΩA)M−1∑
m=1
M−1∏
p 6=m
(
ω − ΩBp
)
+
M−1∏
m=1
(ω − ΩBm)
 . (C5)
Result (C4) coincides with the two fermion case (B16) at M = 2.
Appendix D: Effective momentum coupling by the SYK chain
Consider the action corresponding to the Hamiltonian of the SYK chain one with one-dimensional propagating
fermions χ, which interact locally with the SYK nodes. After integrating out the SYK fermions one can write down
10
the effective interaction term in the action as
Veff =
∫
dxdx′λ2χ¯(x)G(x, x′|ω)χ(x′). (D1)
Locality of the interaction immediately means that
G(x, x′|ω) = δ(x− x′)ρ(x)G(ω), (D2)
where we introduce the “position density of nodes” ρ(x) which is a collection of periodically distributed delta functions
in the case of a chain ρ(x) =
∑
n δ(x+ na). Moving to momentum space gives
Veff =
∫
dp d∆p λ2χ¯pχp+∆p ρ(∆p)G(ω), (D3)
where ρ(∆p) is simply a Fourier transform of ρ(x). For the periodically distributed chain it has the form ρ(∆p) =∑
n δ(∆p+ 2pin/a), which brings the interaction term to the form used in expression (11) of the main text.
Veff =
∫
dp
∑
n
λ2χ¯pχp−2pin/aG(ω). (D4)
